This paper examines how credit constraints a¤ect the dynamics of wealth and thereby the dynamics of capital and output growth. We develop standard Ak growth models that display transitional dynamics, contrary to general belief, once the complete credit markets assumption is relaxed. The mechanism is that credit constraints make individual productivity di¤erences persist, which in turn leads to the persistence of income inequality. The dynamics of inequality is jointly determined with the dynamics of aggregate capital. The economy thus passes through a transitional period of inequality, individual and aggregate capital dynamics before it converges to a long-run balanced growth path. The application of the model to the analysis of intergenerational mobility and inequality dynamics suggests substantial economic and policy signi…cance. In particular, introducing credit constraints to the Barro Ak model, public investment could have an indirect impact on growth via its e¤ect on inequality and mobility.
Introduction
Perhaps the most important assumption in neoclassical growth models is that …rms invest to the point that their marginal rate of return to investment equates the economy's interest rate. Implicit in this assumption is the existence of complete capital markets. There are at least two problems with such an assumption. The …rst is that it may not …t reality well. In fact, credit constraints pervade the economic activities of most of the developing world. Even in advanced economies, credit market frictions could exist due to the substantially high cost of administrating credit. This is particularly evident from many empirical works that …nd that …rms'investment falls below the level of investment required to equate the marginal rate of return to capital with that of the market interest rate. According to Mel et al. (2008) , for instance, in Sri Lanka the average real return to capital is about 60 percent per year, for a set of micro-enterprises, much higher than the market interest rate. The return to capital for a set of Indian …rms is estimated at greater than 90 percent, which is twice as high as the market interest rate (Banerjee and Du ‡o, 2004) . McKenzie and Woodru¤ (2006) , using Mexican micro-enterprises, argue that not only is the marginal product of capital signi…cantly di¤erent from that of the market interest rate but also that the returns to capital among di¤erent-sized …rms are not equal. 1 Second, it undermines a considerable amount of individual dynamics. The complete capital market assumption, implicit in standard growth models, implies that individual dynamics often coincide with aggregate dynamics. As a result, the models easily admit a representative-agent framework that increases their tractability substantially, although it could also restrict their applicability to inequality and mobility studies. 2 The present paper aims to contribute towards this line of thought. The paper in particular introduces credit constraints to endogenous growth models, which lead the models to show an uncharacteristically rich transitional dynamics emanating from individual di¤erences. It also shows that, when applied to the analysis of growth and the distributional impact of public investment policy, this could have a substantial economic and policy implication.
1 They estimate 15 percent per month return to capital for …rms with investment capital of less than $200; 7 to 10 percents per month for …rms with investment capital between $200 and $500; 5 percent per month for …rms with investment capital between $500 and $1000. They estimate the market interest rate at 3 percent per month. 2 One of the few exceptions is the work by Caselli and Ventura (2000) , which allows a distributional analysis within a representative-agent framework where aggregate equilibrium becomes the determinant force of the evolution of wealth and income inequality. See Garcia and Turnovsky (2007) and Chatterjee and Turnovsky (2012) for applications of this model.
We thus examine how credit constraints a¤ect the dynamics of wealth and thereby the dynamics of capital and output growth. We develop a standard Ak growth model that displays transitional dynamics, contrary to the general belief, once the complete credit markets assumption is relaxed. The main mechanism is that credit constraints make individual productivity di¤erences persist, which in turn leads to a persistent inequality. The dynamics of inequality is jointly determined with the dynamics of aggregate capital. The economy thus passes through a transitional period of inequality, individual and aggregate capital dynamics before it converges to a long-run balanced growth path.
The Ak growth model is arguably the basis of every endogenous growth model. It has been the workhorse model of economic growth during the last two decades. 3 Particularly, it provides a convenient framework for understanding policy issues in relation to long-run growth (see, for instance, Barro, 1990 and Turnovsky, 1996 . In spite of such popularity, the model in its simplest form has been criticized for a lack of transitional dynamics that appears to be an empirical regularity (e.g., Mankiw, Romer and Weil, 1992) .
Under the assumption of perfect capital markets, the standard Ak growth model in the spirit of Romer (1986) and Barro (1990) , with diminishing returns at the individual household level but constant returns at the aggregate level, has no transitional dynamics. All aggregate variables -aggregate consumption, capital and outputgrow at a constant rate at all times. A perfect capital market implies an instantaneous equalization of intra-and inter-temporal individual household productivity in the economy, as individuals trade capital, in a Pareto-e¢ cient way, until the point where their productivity di¤erences vanish. It …xes the rate of return to capital to a constant market interest rate. The economy thus jumps to its long-run balanced growth path at the …rst period.
Credit constraints, on the other hand, make initial individual productivity differences prevail. The intuition is that, with imperfect credit market, individuals with low endowment and hence with a high marginal rate of return could not borrow, from individuals with the opposite trait, and invest more e¢ ciently. A higher initial wealth inequality thus relates to a greater ine¢ ciency (lower growth), as it leads the economy to forgo more productive investment opportunities. Di¤erences in marginal productivity tend to generate di¤erences in growth rates among individual households. This leads to inequality dynamics, which becomes the driving force of aggregate capital dynamics. Along the transition to a steady state, the economy features a declining inequality since individuals with relatively lower initial endowment rapidly accumulate wealth due to their relatively high marginal productivity.
The result is remarkably robust to alternative environments. In particular, in an economy where households have a …nite life span and preferences are non-homothetic (as in the Stone-Geary utility function), credit constraints play an important role in inequality and growth dynamics in Ak models but through a di¤erent mechanism. Such an economy features two di¤erent consumers, a non-Ricardian household whose consumption decisions entail consuming the full amount of its labor income as it falls below subsistence consumption, and a Ricardian household whose optimal decisions are based on its budget constraints. As the economy grows and its capital stock expands, the productivity of the poor increases via trickle down growth, eventually leading inequality to converge and the economy to function at its full potential in equilibrium.
Introducing credit constraints to the Barro (1990) Ak model, public investment policy could have an indirect impact on growth via its e¤ect on inequality and mobility. This is in addition to the standard productivity and complementarity e¤ects often mentioned in the literature. Higher inequality corresponds to lower growth when the credit and insurance markets are missing, as these prevent the e¢ cient amount of investment to be undertaken in the economy. In this case, egalitarian public investment policy has a positive impact on growth through its e¤ect on mitigating inequality. However, such an e¤ect is compromised due to its negative impact on individual productivity.
A quantitative analysis of the model suggests that public investment has nontrivial e¤ects on intergenerational mobility and inequality. A strong negative distributional e¤ect from public capital could double steady-state inequality and intergenerational elasticity. The model's prediction of mobility and inequality is quite consistent with that of many estimates in intergenerational mobility and inequality, particularly when the public investment is pro-rich. In such cases, much slower and more plausible transitional dynamics are obtained vis-à-vis an exceedingly fast speed of dynamics implied by a private pre-existing condition.
The paper contributes to the understanding of whether and, ultimately, how capital market imperfections a¤ect the dynamics of Ak growth models, and their implication for policy analysis. With few exceptions, previous works often abstract from capital market imperfections. 4 For instance, considers a small open economy that faces an upward-sloping supply curve for debt in a Barro-type Ak model. In the model, the borrowing interest rate increases with the debt-capital ratio of the borrowing nation. There would be a transitory dynamics in the economy through an adjustment in the debt-capital ratio that drives the interest rate to a level at which the growth rate is equalized. Therefore the mechanism is di¤erent from the current paper, where persistence of individual productivity di¤erences, due to credit constraints and diminishing returns to investment at the individual …rm level, is the driving force behind aggregate dynamics. The paper relates to the literature of imperfect credit markets, inequality and growth, particularly with respect to linking inequality dynamics to the dynamics of aggregate capital and output, although this literature does not focus on transitional dynamics in Ak models. 5 The paper is also related to the recent literature on inequality, growth and public investment (e.g., García-Peñalosa and Turnovsky, 2007 , Chatterjee and Turnovsky, 2012 , Getachew, 2010 , and Getachew and Turnovsky, 2015 .
6 Getachew and Turnovsky (2015) study the distributional and growth e¤ects of public investment in a growth model with missing capital markets and a CES production function, where both growth and inequality are endogenously determined. In the paper, the e¤ects of public investment policy on inequality and growth depend on the elasticity of substitution between between public and private capital. This is in contrast to the current paper, which emphasizes policy targeting.
The rest of the paper proceeds as follows. Section 2 sets up a growth model, with missing credit markets, which is Ak at the aggregate level as the production function at the …rm level is augmented by an economy-wide externality. Section 3 mainly examines transitional dynamics in the general Ak model. Section 4 relaxes the missing credit market assumption by allowing households some borrowing. Section 5 studies the model's closed-form solution to reveal various interesting transitional properties of the Ak model at both the individual household and aggregate levels. Section 6 looks into the policy application of the model by introducing credit constraints to Guerrini (2010) , which were all written independently of our study. Jones and Manuelli (1990) , for instance, used a production function that asymptotically displays an Ak model. 5 See, for example, Loury (1981) , Galor and Zeira (1993) , Banerjee and Newman (1993) , Aghion et al. (1999) , Matsuyama (2000) , Benabou (2002) , Giannini (2003) , Getachew (2010) , Bandyopadhyay and Tang (2011) and Shin (2012) .
6 García-Peñalosa and Turnovsky (2007) , and Chatterjee and Turnovsky (2012) study the impact of growth-enhancing …scal policies on inequality, but within a complete market framework that follows the line of Caselli and Ventura (2000) . Getachew (2010) , on the other hand, considers incomplete capital markets although his analysis is restricted to short-run e¤ects, as the model does not feature idiosyncratic uninsurable risks. the Barro model, and studies its quantitative relevance. Section 8 considers an alternative environment where preferences are non-homothetic and households have a …nite life span. Section 8 draws conclusions.
The Model

The Romer-Barro Ak technology
The main property of a typical Ak production function is the absence of diminishing returns to capital at the aggregate level. In an economy with Ak technology, the marginal product of aggregate capital is constant at k, at all times. Therefore the economy could display long-run growth without transitional dynamics. Two main reasons are often provided for the global absence of diminishing returns to capital: (i) k, in the Ak function, could represent broad capital that includes both physical and human capital and/or (ii) the production function at the individual …rm level could be augmented by an economy-wide externality (such as the learning-by-doing technology of Arrow, 1962) .
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The latter in particular is the basis of the Romer (1986) and Barro (1990) endogenous growth models, and many others after them. This class of model in general could be characterized by a production function that features diminishing returns at the individual …rm level but constant returns at the aggregate economy level. The production function at the …rm level is a function of both private and social capital, each facing diminishing-returns. The social capital often assumes spillover e¤ects of aggregate capital (Romer, 1986) or a public investment as a fraction of aggregate output (Barro, 1990) . Most importantly, however, at the economy-wide level capital escapes diminishing returns and, hence, the model generates endogenous growth.
The production function
In the spirit of Romer (1986) , we suppose the production function of the ith …rm has the following constant return technology:
7 See Barro and Sala-i-Martin (2004, p. 63-66, 205-235) for a detailed discussion.
where k i t and y i t are the …rm's capital and output, respectively; and y t is aggregate output.
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There exist diminishing returns to factors at the individual …rm level:
However, at the aggregate level, constant returns to capital apply. This is the reason for Ak models' capability of generating endogenous growth but also their 'lack' of transitional dynamics. This implies that A t -the rate of return to aggregate capital -is not a function of k t . The marginal product of aggregate capital (@y t =@k t ) does not thus vary with changes in k t at all times.
Preference and household optimization
We suppose a continuum of in…nitely-lived heterogeneous households. The ith household is initially endowed with k i 0 units of capital and a unit of inelastic labor. It supplies both to a privately owned …rm. Households are thus both consumers and entrepreneurs. Therefore the capital markets are missing, in the spirit of Benabou (1996) . Such individual entrepreneurship is not uncommon in the literature (see, for instance, Benabou, 2000 , 2002 , Angeletos and Calvet, 2005 and Bandyopadhyay and Tang, 2011 . However, the absence of any (inter-or intra-temporal) capital market could be quite extreme, which is the price to pay for analytical tractability of the model. In the next section, we relax this assumption and adopt the more realistic capital market imperfection that permits households some borrowing and lending.
To simplify aggregation, let the distribution of initial wealth take lognormal probability distribution
We use 2 k , which is the variance of the logarithm of capital, to measure wealth inequality, whereas 2 y and 2 c denote income and consumption inequality, respectively. The ith dynasty maximizes her utility in accordance with the constant intertemporal elasticity of substitution (CIES) utility function, 
which 9 characterizes the optimal dynamics of the economy at the individual household level.
Transitional dynamics in Ak models with missing credit markets
Inequality dynamics
Eq. (6) is a standard condition from the perspective of the household optimization problem. But, given the missing capital markets and (2), it also features the distributional dynamics of the economy. Particularly, households with di¤erent levels of initial capital follow di¤erent paths of growth. Due to diminishing returns to investment, individuals with a higher level of capital face a lower productivity and, hence, a lower growth rate. Such productivity di¤erences are persistent under the missing credit market.
The inequality generated in such a manner is the source of transitional dynamics in the Ak economy, as it determines the paths of aggregate consumption and capital. The persistence of individual household productivity di¤erences drives inequality dynamics in this economy. Taking the log and the variance of (6), one sees that:
Di¤erences in marginal productivity thus lead to di¤erences in growth rates among individual households. The former, which also depends on the degree of diminishing returns to capital at the individual household level is highly persistent due to the missing credit market, which limits individual investment opportunities to the resources they have in hand. In the case of a perfect market, however, individuals will trade capital, in a Pareto-e¢ cient way, until the point where their productivity di¤erences disappear. As we see later on, such productivity di¤erences will vanish instantaneously under a perfect credit market.
Proposition 1. The Romer Ak model described above displays inequality dynamics under a missing credit market via its e¤ect on the persistence of individual household productivity di¤erences.
Proof. Proven in the text.
Capital dynamics and steady state
The dynamics of aggregate capital is jointly determined with the dynamics of inequality. This is evident from the fact that steady-state equilibrium cannot be reached in this economy in the presence of inequality. De…nition 1. A steady state in the Ak growth model is a balanced growth path where aggregate consumption (c t ), capital (k t ) and output (y t ) grow at a constant rate, +1 c t+1 =c t = y t+1 =y t = k t+1 =k t .
Proposition 2. The Ak model described above will be in a steady-state equilibrium i¤
Proof. Suppose the economy is on the balanced growth path where ln (c t+1 =c t ) is constant but 2 t+1;k 6 = 0. The latter implies that there is at least one individual l who has a larger capital than that of the average person (k t+1 < k l t+1 ). Thus, from (6) and (2), ln (c t+1 =c t ) > ln c l t+1 =c l t . This is because individual households with low levels of capital grow faster due to diminishing returns. The catching-up continues, though at a declining rate as the wealth gap closes. But this contradicts ln (c t+1 =c t ) is constant on the balanced growth path; therefore The following Corollary then immediately follows from the above two Propositions: Corollary 1. The Romer Ak model displays transitional dynamics under a missing credit market via its e¤ect on inequality persistence.
Therefore, absent the dynamics of inequality, the model behaves similarly to any of the standard Ak models, jumping to its balanced growth path at the …rst period.
10 Second, the economy will not be on its steady-state equilibrium balanced growth path unless the dynamics of inequality reaches its equilibrium. The latter is thus an important determinant of the dynamics of aggregate variables in the economy. Third, a degenerate distribution is what actually happens in the long run. This is quite intuitive as there are no factors in this model that lead to a non-degenerate equilibrium wealth distribution. 11 Individual households di¤er only in terms of initial capital but are similar otherwise. Individuals with relatively lower k i t rapidly accumulate wealth due to their relatively high marginal productivity, which is, in turn, due to diminishing returns to investment. Therefore the economy features a declining inequality along the transition to a steady state.
Growth-inequality trade-o¤s
It is intuitive that the decline in inequality as the economy approaches its longrun growth path is accompanied by an increase in the growth rate of the economy.
12
In such an economy, inequality is negatively related to growth as imperfection in the capital markets prevents the optimal amount of investment to be undertaken. Diminishing returns to investment imply that the poor have a higher marginal product than the rich. A higher inequality thus relates to a greater ine¢ ciency as it leads the economy to forgo more productive investment opportunities.
Imperfect credit markets
The absence of any capital trade in the previous section is an oversimpli…ed representation of capital market incompleteness. In this section, we allow individuals to have some access for credit. By allowing some households to borrow, we are assuming the loan contract is enforceable. One way to deal with this problem is to consider that lenders could seize some income of the borrows. This is often modelled in the literature as households can borrow only a fraction of their labor income.
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Suppose individual households are allowed to borrow and lend with a gross market interest rate of R t . Then the budget constraints that the ith household faces become
11 Section 5 introduces idiosyncratic shocks that lead to such an outcome.where 0 measures the degree of …nancial market development, in the spirit of Aiyagari (1994) . k i t+1 and q i t+1 represent a portfolio of capital and bonds, respectively.
14 Eq. (9) restricts the individual to carry over a negative asset (debt) beyond a certain amount. If = 0 or q i t+1 0 then we have a no-borrowing constraint. The individual can be a lender but not a borrower. On the other hand, when approaches to 1 there will be a perfect capital market, with no restriction on the amount of debt to carry over to the next period.
The optimization problem leads to (see Appendix B),
where r i t+1
is the individual marginal rate of return to investment that determines its productivity rate. Eq. (10) is simply a modi…ed Euler equation, adjusted for the imperfection in the capital market.
First note that, with a no-borrowing constraint, = 0, (10) becomes
which simply takes us to the previous case of a missing credit market. In this case, all the analysis and the results in Section 3 apply. On the contrary, if ! 1, then the borrowing constraint (9) is no longer binding. Applying the L'Hospital's rule in (11), we …nd
Thus the ratio of inter-temporal marginal utility is constant across individuals. This condition, which is similar to the optimization problem without borrowing constraints, also implies the following no-arbitrage equilibrium condition (see Appendix B):
For two individuals i and j, this means:
14 The set-up is di¤erent from Aiyagari, though. There is no portfolio capital investment but a single asset (a is the borrowing constraint. In this case, is said to be the "natural debt limit" when it takes the life-cycle income of the individual.
Therefore each individual trades capital until her marginal rate of return to capital equals the market interest rate of capital, which is Pareto e¢ cient. Eq. (14) also implies that each individual invests the same amount of capital (k
and, consequently, will have the same amount of income (y i t+1 = y j t+1 = y t+1 ). In this case, the rate of return of capital related to each …rm is constant and …xed at the market interest rate. Thus, considering (1a), we have
Then, substituting (15) into the Euler equation (6), with CIES utility, we will …nally arrive at the condition that
Initial inequality vanishes instantaneously and the model does not feature any transitional dynamics. It turns into a representative-agent-type economy where a representative household owns a representative …rm. In Barro and Sala-i-Martin (2004, p. 208) , it is shown that the economy has no transitional dynamics and jumps to its balanced growth path at the initial period where c t+1 =c t = k t+1 =k t = y t+1 =y t .
The consumption-and output-capital ratios (c t =k t and y t =k t , respectively) are thus constant at any point in time. Therefore, if there is a perfect credit market, the model will have no transitional dynamics. The marginal rate of return to capital related to every …rm will be …xed at the market interest rate under a perfect credit market. Therefore all individual quantities grow at a constant and a similar rate, which is also the rate of growth of the economy, at all times. Finally, for the general case 2 (0; 1), we can rewrite the modi…ed Euler equation in (10) as c
where 15 The proof is straightforward: Suppose i and j invest di¤erent amount of capital, k
while (14) holds. Due to the existence of diminishing returns to capital at the …rm level, this implies @y e r i t+1
where e r i measures the individual e¤ective productivity rate that determines its growth rate. 16 The weight d i depends on the the level of …nancial development ( ) and the relative …nancial position of an individual (whether r i 7 R).
Individuals with r
i > R are natural borrowers. Since they command marginal rates of return to capital higher than the market interest rate, they have the potential to borrow, invest and repay the debt with interest higher or equal to the market interest rate. Their growth rate increases as the credit constraint is more relaxed (as increases).
17 In contrast, individuals with r i < R invest lesser and lesser as increases, as they prefer trading assets than investing on their own. Their growth rate rather tends to decline as increases. Therefore a more relaxed credit market could speed up the process of convergence.
Loglinearizing (17), around r i t = R t , 18 could give a further insights into the dynamics of inequality:
Taking the log and the variance of (19), one sees that
Again, we …nd the two polar cases in (20), for = 0 and lim ! 1, which represent a missing and a perfect credit market, respectively. For the intermediate case, 2 (0; 1), (20) is comparable to (7), where individual di¤erences in marginal productivity are associated with di¤erences in growth rates leading to inequality dynamics. Therefore the extreme form of market incompleteness that we have seen in the previous section is not a necessary condition for the model to display transitional dynamics, but all that really matters is that there exists some imperfection. To conclude, the lack of transitional dynamics in the standard Ak model is basically due to lack of movement in the rate of return to aggregate capital. The presence of a perfect capital market creates the instantaneous equalization of the intra-and 16 We suppress the time subscripts for simplicity. 17 This could be con…rmed as e r i increases in if r i > R, and conversely. 18 This also implies that we are loglinearizing around k inter-temporal individual household productivities in the economy and …xes the rate of return to aggregate capital to the market interest rate. Credit imperfection in the capital markets, however, causes initial individual productivity di¤erences to persist, which in turn leads to inequality dynamics. The dynamics of inequality is jointly determined with the dynamics of aggregate capital. Thus the growth rates of aggregate variables are not always constant during the transition periods but evolve with inequality at di¤erent rates, until the economy reaches its long-run growth path.
Closed-form solution
This section examines the Romer Ak dynamics in a closed-form solution using a Cobb-Douglas production function, a logarithm preference and a missing credit market. We also introduce idiosyncratic shocks that lead to a non-degenerate equilibrium distribution. The model features di¤erent interesting properties at both the individual household and aggregate levels during the transition periods. Particularly, dynasties with di¤erent levels of initial capital follow di¤erent paths of capital, consumption and income growth. The growth rates of individual household consumption and income are always the same but di¤erent from that of capital. The economy, on the other hand, experiences a unique path of inequality that drives the dynamics of the rest of the macroeconomic variables. Aggregate consumption and output grow at the same rate but higher (lower) than that of aggregate capital if the economy starts from a higher (lower) level of inequality. Individual and aggregate capital dynamics eventually converge to unique and stable equilibria.
Cobb-Douglas technology and logarithm preference
When the production function (1a) is Cobb-Douglas, we have
where a 1 > 0, and i t is the ith …rm idiosyncratic shock, which is i.i.d and assumed to be lognormally distributed:
2 ). Thus the Euler equation (6) is given by ( = 1):
Together with (5) and (21), this gives closed-form solutions:
Aggregating (23) yields the dynamics of aggregate capital investment (see Appendix A):
Taking the log and then the variance of (23) yields the distributional dynamics associated with capital investment:
From (25) and (26), one sees immediately that the dynamics of inequality drives the dynamics of aggregate capital in the Ak economy. The two form a system of dynamic equations that characterizes the transitional dynamics of the economy. Given 2 (0; 1), the system is stable and converges to a unique stable steady state. In contrast to the previous section, there is now a positive steady-state inequality due to individual di¤erences in luck ( i t ).
Individual dynamics
Eqs. (23), (25) and (26) characterize the dynamics at the individual level. The dynamics of aggregate capital and inequality determine the evolutions of individual consumption and capital growth. The intuition lies in the presence of externality e¤ects in the economy. The e¤ect of inequality on individual households is channeled through its e¤ect on aggregate capital (25), whereas the latter has a direct impact on individual household productivity (21).
From ( 
Similarly, from aggregating (27) and (28), aggregate capital investment (k t+1 ), consumption (c t ) and output (y t ) grow at the same rate. However, as we shall soon see, the behavior of the Ak economy at the individual …rm level is not necessarily similar to that of the aggregate. Growth dynamics at the individual …rm level has rather peculiar features that are not re ‡ected at the aggregate level. This is because individual production functions face marginal diminishing returns to capital whereas the aggregate economy features a constant return. Moreover, aggregate variables are directly involved in the evolution of individual variables via the externality e¤ects of aggregate capital on household productions.
Behind the Ak dynamics. The current model has three distinct features (vis-à-vis the standard Ak model). All are attributed mainly to credit market imperfections. First, the growth rate of the current-period individual capital investment is lower than that of the previous periods in this model. In a growing economy, the level of current capital associated with an individual is higher than that of the previous periods. When this is coupled with diminishing returns to capital investment and capital market imperfections, the former grows more slowly than the latter. Second, two di¤erent family dynasties follow di¤erent growth paths in our model. Individual households with a lower level of initial capital experience a relatively higher growth rate of capital due to the imperfection in the capital markets and diminishing returns to capital. Finally, because of these two, there are two types of inequality dynamics in the current model: cross-sectional inequality at a given moment of time and intergenerational inequality -the variation of income or wealth across generations.
Growth rates comparison
Leaving the e¤ects of individual luck aside ( (28) and (29), one sees that, during the transition periods, individual consumption and income grow at the same rate, whereas they grow at di¤erent rates from that of capital, depending on the relative position of the particular individual in the economy: (23) and (25) 
From (26), (27) and (28), it is straightforward that
Using this, we obtain t+1;c = a 1 exp 0:5 ( 1)
From (25) and (32), we obtain
Therefore the aggregate consumption-capital ratio (c t =k t ) is not constant, as (ii) In the steady state, the economy remains on a balanced growth path where all variables grow at the same rate and inequality remains constant: (32) and (34), t+1;c = t+1;y . It is straightforward to derive (35) from (26). Using (33) and (35), one sees that t+1;c ? t+1;k i¤
(ii) Substituting (35) into (25), (32) and (34), one gets
Therefore, during the transition periods, aggregate output and consumption grow faster than aggregate capital if the economy starts from a higher level of inequality ( 2 t;k > 2 k ), and conversely. On the other hand, the long-run growth rate of the economy is a balanced growth path where all aggregate variables grow at the same rate. Proposition 5. A higher level of inequality leads to lower growth, both during the transition period of the economy and in the steady-state.
Proof. From (34) to (36), an increase in the variance of the idiosyncratic shocks or inequality is associated to a lower growth rate.
A higher 2 k leads households to forgo more productive investment opportunities due to credit market imperfections. Inequality has thus a negative e¤ect on the economy, as the imperfection in the capital markets prevents the optimal amount of investment to be undertaken.
Policy relevance
In this section, we study the model's implications for policy analysis. We demonstrate this by introducing market imperfections to the Barro (1990) Ak model, which leads the model to have a rich transitional dynamics. We then apply the model to the analysis of growth and distributional impact of public investment policy. Barro's framework has been widely used in the literature to analyze the role of public investment in long-run growth. 21 In addition to the conventional productivity and complementarity e¤ects typically emphasized in this literature, we show that public investment may a¤ect growth through an indirect channel of a¤ecting inequality.
In the Barro model, the externality e¤ects emanate from infrastructure investment (g t ) by the government as a fraction of the total output
where y t = R i y i t is aggregate income, y i t is the ith individual before tax income and is a proportional tax levied by the government to …nance the public capital. The household's after tax income is given by (1 ) y i t . Further, assume that the use and e¢ ciency of the public service is di¤erent among di¤erent households. Depending on its type, a given public service could bene…t certain households more than proportionally. It could disproportionately bene…t the poor due to their lack of access to its private substitutes; or the rich due to their greater access to its complements. Internet provision by the public sector may disproportionately bene…t those individuals who own laptops, for instance. On the other hand, provision of public transport may bene…t the poor more than proportionally as they are the ones who might lack these basic inputs.
Let the production function associated to the ith …rm be given by
where
and 2 ( 1; 1). g i t represents the government public service provision from the perspective of the ith household. An additional parameter restriction,
could be imposed to ensure that the production function exhibits diminishing or constant returns to scale. From (39), the parameter features the redistributive nature of the public service. The direction and magnitude of determines the type and the intensity of the disproportionate impact of the provision of the public service on the individual production function, respectively. The case > 0 ( < 0) is related to public services that bene…t the poor (the rich) more than proportionally, whereas = 0 implies a proportional e¤ect.
From (38) and (39), we obtain
Note that, with a constant-returns-to-scale production function, (41) is similar to (21) except that aggregate capital (k t ) is replaced by the infrastructure variable (g t ), which is a fraction of aggregate income (y t ). Substituting (37) into (41) and then aggregating yields
which is not a function of k t .
From (27), (28), (37), (41) and (43), individual capital dynamics is given by
Then, the dynamics of income is easily derived from (37), (41), (43) and (44):
Eq. (45) has a direct implication for intergenerational mobility. The intergenerational elasticity of income ( ) is derived from (45), …rst by taking logs from both sides of the equation, and then computing the partial derivative of the next-period income with respect to the current income:
where 1 is a measure of intergenerational income mobility. According to (46), the intergenerational income elasticity is independent of idiosyncratic shocks, but it depends crucially on the policy parameters of and . Particularly, intergenerational income mobility increases with a pro-poor public policy (higher > 0) and higher through the e¤ect on the private factor share of capital, .
From (44), the distributional and aggregate capital dynamics are derived, respectively:
and
Eqs. (47) and (48), which are in the spirit of (25) and (26), determine the distributional dynamics in the Barro (1990) Ak growth model with missing credit markets.
Then the long-run inequality and growth are given, from (48) and (47), respectively, by
# represents the negative impact of inequality.
Proposition 6. (i) A higher > 0 (egalitarian public investment policy) will have a positive in ‡uence on the dynamics of and equilirbium inequality.
(ii) The impact on growth is ambiguous: While it increases growth through mitigating inequality, it decreases growth through lowering the marginal productivity of capital.
Proof. If > 0, (i) then 2 t+1;k and 2 decrease in (ii) whereas the terms j#j and a 1= (1 )= , in , increase and decrease in , respectively. Also, it can be con…rmed from (41) that the higher > 0, the lower the marginal productivity of k i t will be. Therefore public investment policy could have an indirect impact on growth through its e¤ect on inequality. A higher inequality corresponds to a lower growth as the imperfection of the capital markets prevents the e¢ cient amount of investment to be undertaken in the economy. Government policy could indirectly a¤ect growth by mitigating or aggravating inequality. This is in addition to the standard productivity and crowding-out e¤ects often found in the literature.
Numerical analysis
Further insights could be obtained into the importance of policy, and the quantitative e¤ects of and , to mobility and inequality dynamics and equilibrium vis-à-vis the private pre-existing condition, from calibrating the model with parameter values that seem reasonable for real economies. Because growth is di¤erent for the Ak economy with and without inequality, it would also be interesting to see the e¤ects of eliminating the idiosyncratic shocks and hence long-run inequality on steady-state growth. Table 1 summarizes our calibration of the parameters. The discount factor, , is set at 0.96. The choice of a 1 targets a long-run growth rate of about 1:8 percent.
This matches the average annual long-run growth rate of the US economy. The share of capital, , is set at 0:33. The value for the elasticity of public capital widely varies among empirical estimates. We follow Getachew and Turnovsky (2015) and set = 0:1 and 0:2, which encompass a large set of the estimates; 22 we also set 2 at 0:16 following this literature, which implies a 0.4 standard deviation for the logarithm of total factor productivity (TFP) shocks. There are no estimates regarding the value of . We consider = 0 (a private pre-existing condition) as a benchmark and use a range of values that relates to di¤erent values of intergenerational elasticity, inequality dynamics and equilibrium. Note that, given the above calibration, only two values of match the constant-return-to-scale production function. These are = 5:7 and 2:35 when = 0:1 and 0:2, respectively -the only two cases that generate long-run growth given our calibrated values. Table 2 shows the e¤ects of policy on intergenerational mobility and inequality dynamics and equilibrium by comparing the private pre-existing conditions ( = 0). The e¤ects of policy on mobility and inequality mainly depend on the values of the policy and structural parameters, and , respectively. Particularly, = 0 implies no policy role in inequality or mobility.
23 This is shown in Table 2 as the values of intergenerational elasticity, , the speed of inequality convergence, 2 , and long-run inequality, 2 , remain constant at 0:33 and 0:11 and 0:18, respectively, regardless of the values of the elasticity of public capital, . The intergenerational elasticity and inequality increase sharply as declines (as public investment tends to favor the rich more). The higher the elasticity of public capital (the higher ), the stronger the e¤ects of policy ( ) on mobility and inequality become. 24 Compared to the preexisting condition, a negative distributional e¤ect of public capital of the magnitude of = 2 almost doubles the steady-state inequality and more than doubles the intergenerational elasticity when = 0:2. 23 This is in contrast to Getachew and Turnovsky (2015) , in which the public-private capital ratio and the tax rate play a central role in determining the distributional dynamics and equilibrium. Despite its advantage of full tractability, the Cobb-Douglas assumption in the current model is quite restrictive due to its unitary elasticity of substitution assumption when it comes to distributional analysis.
24 This is intuitive given (42).
The model's prediction of mobility is quite consistent with that of many estimates in intergenerational mobility, particularly for negative values of . The estimates for intergenerational elasticity ( ) vary widely due to di¤erences in data, methodology and various other factors.
25 Solon (1992) , for instance, estimated the intergenerational elasticity for the US at about 0.4. But using data of earning histories of parents and children, Mazumder (2005) estimates it at about 0:6. He argues that earlier estimates of intergenerational elasticity are biased down by approximately 30 percent due to persistent transitory ‡uctuations. Tamura et al. (2014) , on the other hand, provide a wide range of values for intergenerational elasticity, from 0:16 to 0:54 for di¤erent countries across the world. Such a wide range of estimates could be explained, in the context of the current model, due to variation in public investment policy. As shown in Table 2 , intergenerational elasticity varies between 0:18 and 0:57 as varies between 1:5 and 2:35 and when = 0:1. A higher value for even predicts higher values for intergenerational elasticity. For instance, if = 0:2, then = 2 and 2:35 imply that ranges between 0:73 and 0:8, in line with Clark and Cummins (2012) who estimate at between 0:7 and 0:8 for the UK.
The parameter values = 2:35 and = 0:2 imply 0:44 variance of log income, which is consistent with the recent inequality in the US. Assuming a lognormal distribution of income, the mean-median ratio implies 0:4 average log-income variance for the US for the years 1979, 1986, 1991, 1994, 1997 and 2000 , based on the Luxembourg Income Study (UNU-WIDER, 2007) . The fact that most countries have average log-income variances of more than 0.2 implies that public investment could have been more pro-rich in these countries. A smaller also implies a higher coe¢ -cient for income dynamics (
2 ). The speed of this dynamics implied by the private pre-existing condition ( = 0) is exceedingly fast. A slower and more plausible transitional dynamics could be obtained with a strong negative distributional e¤ect from public capital. FIGURE 1 HERE Figure 1 illustrates the public investment-growth relationship for two economies, as ranges between 0:04 and 0:2, for the two cases of the public elasticity of output, when = 0:1 and 0:2. The dashed line corresponds to the benchmark economy ( 2 = 0:16), whereas the solid line represents an economy without long-run inequality, obtained by eliminating the idiosyncratic shocks entirely ( 2 = 0). In both cases, growth …rst increases with , reaches a maximum, after which it declines monotonically. For every value of , the presence of inequality and idiosyncratic shocks ( 2 6 = 0) is associated with lower growth. Particularly, the long-run growth rates increase by 4:38 and 4:63 percentage points when = 0:1 and 0:2, respectively, by eliminating the idiosyncratic shocks.
Credit constraints and Ak dynamics with non-homothetic preferences
In this section, we show that the key result that borrowing constraints play an important role in inequality and Ak dynamics continues to hold in alternative settings. In particular, we study the model in a di¤erent environment where households have a …nite life span and preferences are non-homothetic and take a Stone-Geary form.
We thus suppose an economy populated with one-period-lived heterogenous agents with a continuum dynasty. Each individual is born endowed with a unit of time.
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An individual who is born at time t has a unit of labor that she supplies to the representative …rm inelastically and earns the wage rate ! t . The individual may also earn an interest income r t x i t in case of inherited wealth (x i t ) where r t is the interest rate. Otherwise her total income constitutes only her wage income. She then allocates her income optimally between consumption (c i t ) and a bequest (b i t ) to her only child.
Households
The ith individual who is born at time t has the following version of the StoneGeary utility function: is her consumption. s is referred to as "subsistence" consumption, below which the individual is not allowed to consume. The utility is subject to the budget constraint
The individual maximizes (51) subject to (52), taking as given prices (! t , r t ) and inheritance x i t . The optimal bequest (b i t ) is given by
where a
1+
. If the individual has no inherited wealth (x i t = 0), her optimal saving function is given by b i t = a (w t s). Eq. (53) together with (51) imply 27 We get the same results if we consider overlapping generations with two-period-lived individuals, as an adult and a child. In this case, all economic decisions are made by the adults where children's consumption is included in that of their parents. 28 One might rather opt for a "Kaldorian-Keynesian" saving function, as in Galor and Moav (2004) .
that individuals with total income below the subsistence level s will not leave any bequest, particularly if they face a borrowing constraint. 29 
Therefore, with credit market imperfection, the economy features two types of consumers. The …rst are non-Ricardian households whose consumption decision entails consuming the full amount of their labor income, and do not leave any bequest to their descendants, as their income falls below subsistence consumption. The second are Ricardian households whose optimal decisions are based on their budget constraint and thus leave bequests to their descendants, as their income exceeds their subsistent consumption.
Firms
We suppose a perfectly competitive representative …rm that produces the …nal output using Ak technology,
The …rm's optimal prices are thus given by
where 1 and are the factor shares of labor and capital, respectively.
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We suppose at the beginning that there are z rich individuals who are born with a certain inheritance (x i > 0). The rest of the population size 1 z are thus poor, born without any inheritance. We also assume that individuals are ex ante homogeneous within groups. Thus their descendants are also homogeneous. In this case, the total amount of capital investment in the period is simply the sum of inheritance of the rich, k 0 = x i 0 z. Considering (53), (54) and (56), the threshold levels of capital beyond which an individual leaves bequest could be derived as
Individuals do not leave bequests if the capital stock in the economy is below k or k, depending on which group they descend from. Since k < k, the descendants of the rich have a better chance of leaving bequests to their o¤spring than their compatriots.
Aggregate capital dynamics and equilibrium
Two conditions represent the intergenerational linkage in the economy. First, individuals'ability to leave bequests depend on the current level of capital stock in the economy. Second, the total amount of bequests left by the current generation forms the next-period aggregate capital investment. In particular, (56), (57) and (58), the dynamics of capital can be summarized for di¤erent threshold level:
If the capital stock at time t is below k, then there will be no capital investment in the next period, t + 1, as there will be no bequest, b r t = b p t = 0. If k < k t < k, the next-period capital investment is the total amount of bequests left by the rich, k t+1 = zb r t .
31 If k t > k, then the total capital investment constitutes the total amount of bequests left by the poor and the rich as shown in (58). Figure 2 depicts the dynamics of aggregate capital in the economy, as given by (59), which is characterized by multiple equilibria. As shown in the horizontal bold straight line, k t+1 = 0 for any initial capital k t < k. If the economy starts slightly higher than k, however, there will be k t+1 6 = 0. But, since k t+1 < k t , the dynamics goes back to its stable equilibrium, where k t+1 = k t = 0. For the economy to escape the low equilibrium, it should start from an initial level of capital that ensures k t+1 k t = e k. This threshold could be derived from (59): where
Thus TFP should be su¢ ciently large to ensure the economy escapes a poverty trap. Note that considering (57), (60) and (61) k > e k > k. This implies, …rst, not all of the population should be rich descendant for economic development to kickso¤. Second, the existence of some rich people will not ensure trickled-down-growth. Third, the greater the TFP, the lower initial capital to be required for the economy escape a poverty trap.
FIGURE 2 HERE Figure 2 shows that as the economy continuous to grow, as long as the initial capital stock exceeds e k, it passes the threshold required for the poor to begin leaving bequest (k t > k) due to a boost in their labor income. Eventually the economy grows at its fullest potential as captured in the p curve as all individuals leave bequest and hence contribute to capital investment in the economy. Finally, capital growth asymptotically approaches the long-run growth rate of the economy, = aA 1.
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Therefore when preferences are non-homothetic and take a Stone-Geary form, credit constraints play an important role in inequality and growth dynamics in Ak models, but through a di¤erent mechanism. Such an economy features two di¤erent consumers, a non-Ricardian households whose consumption decisions entail consuming the full amount of their labor income as it falls below subsistence consumption, and a Ricardian households whose optimal decisions are based on its budget constraints. As the economy grows and its capital stock expands, the productivity of the poor increases via trickle down growth, eventually leading inequality to converge and the economy to function at its full potential in equilibrium.
Conclusion
The complete capital market assumption, implicit in standard growth models, often undermines a considerable amount of individual and aggregate dynamics, which could restrict the models' applicability to income inequality and intergenerational mobility studies. This is particularly evident from the properties of many Ak endogenous growth models. The Ak model is arguably the basis of every endogenous growth model. The model often lacks transitional dynamics, which appears to be an empirical regularity, merely due to the imposition of a perfect capital market. A perfect capital market is associated with an instantaneous equalization of intra-and inter-temporal individual household productivity in the economy. It …xes the rate of return to capital to the market interest rate that leads the economy to converge to its long-run equilibrium path without transition. Capital market imperfections, on the other hand, make initial individual productivity di¤erences persist across time and space. Consequently, there will be two types of inequalities in the economy: cross-sectional inequality at a given moment of time and intergenerational inequality -the variation of income or wealth across generations. The dynamics of inequality is jointly determined with the dynamics of aggregate capital. Therefore the introduction of credit constraints in a simple and widely applied Ak growth model leads the model to display a rich transitional dynamics. Such a result is remarkably robust when using an alternative environment, where households have a …nite life span and preferences are non-homothetic. The model's application to the analysis of growth and public investment has shown a substantial economic and policy signi…cance. Introducing credit constraints to the Barro Ak model, public investment policy could have an indirect impact on growth via its e¤ect on inequality. This is in addition to the standard productivity and complementarity e¤ects on private capital. A numerical analysis of the model suggests that public investment policy has nontrivial e¤ects on intergenerational mobility and inequality. Appendix
A. Aggregation and distribution
In deriving (25), aggregate (23) from both sides to get 
